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LAUNCHER DYNAMICS STUDY

Part Q - Tipoff Effects in Helical Rail Launchers

ABSTRACT:

This report contains an analysis of the motion of a four rail helical

launcher system including tipoff, that is, the conditions when the front

shoes leave the launcher but the rear shoes remain in contact with the

guidance rail. The launcher is allowed three degrees of freedom (pitch, yaw,

and roll).
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LIST OF SYMBOLS

O-X Y Z Cartesian coordinates fixed to the earth

O-e T1 Cartesian coordinates fixed in the launcher

o-X' Y' Z' Cartesian coordinates which are fixed to the missile

o-6' q' ' Cartesian coordinates which are fixed in the missile

Angle between the horizontal and the Y-axis

Initial tj coordinate of the mass center of the missile in O- 1

(0, i, m Coordinates of the mass center of the missile in 0- 1 C

(0, 1b' b )  Coordinates of the mass center of the launcher in O- 1q

k Constant which prescribes tle rotation of the missile relative

to the 1-axis

b, 0, * Rotations of 0- -q relative to O-X Y Z

Om' 0m, m Rotations of o-a' 1' ' relative to o-X' Y' Z'

Wm Weight of missile

M Mass of missilem

Wb Weight of launcher

Mb Mass of launcher

Jll' J12' etc. Mass moments of inertia of launcher relative to O- 1

Kil, K 12 etc. Mass moments of inertia of missile relative to o-e' 71' '

-a 1' coordinate of rear shoes in o-a' 1j' '

c 1' coordinate of front shoes in o-a' Tj' '

(R , Ry Rz ) Components of launcher reaction at 0 in O-X Y Z
N 1 , N2 , etc. Magnitude of normal forces acting on missile shoes

Fi, F 2 , etc. Magnitude of frictional forces acting on missile shoes

D I  Magnitude of driving force acting on missile shoe S

F (t0 Magnitude of thrust force acting on missile



t time

(r x , r, r ) Components in O-X Y Z of vector from 0 to o
y z

L Length of launcher rail

Ff Total friction force acting on missile before tipoff

Ff' Total friction force acting on missile after tipoff

a Angle which locates rear shoe in o-e' i1' '

a Angle which locates front shoe in o- ' I' t'



I. SPECIFICATION OF THE PROBLEM

1. Introduction

In University of Illinois TAM Report No. 577,"Helical Rail Launchers",

October,, 1959, a helical rail launcher was described and analyzed for the time

interval before tipoff.

This report extends the analysis to cover the tipoff interval when only the

rear shoes of the missile are on the launcher rail. However, because of the

increased complexity of the motion after tipoff, a different method of analysis is

used and misalignment of the thrust force is neglected. The problem is completely

reanalyzed because of these changes.

It is the purpose of this report to obtain the following items:

1) Equations of motion of the launcher and missile before and after tipoff.

2) The reaction of the launcher support.

3) The reactions between the shoes of the missile and the launcher rail.

4) The orientation and motion of the launcher and missile at launch.

2. Description of the System

The system which is analyzed is shown in Fig. 1. The launcher is pinned

to a rigid base at point 0. In addition three rotation springs act at point 0. The

missile is forced to rotate about its longitudinal axis an amount k (ij - r ) relative

to the launcher rail while the rear shoes of the missile are on the launcher rail.

The longitudinal axis of the missile, which contains the mass center, o, is con-

strained to remain parallel to the launcher rail while the front shoes of the missile

are on the launcher rail. The thrust force acts along the longitudinal axis of the

missile. The system is in equilibrium before the thrust force is applied to the
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missile. The center of mass of the launcher, 0' , and the center of mass of

the missile, o , are initially in the YZ plane. It is assumed that the static

equilibrium pitch deflection of the launcher is small.
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3. Coordinate Systems

The coordinate systems used are shown in Fig. 1.

Fixed Coordinates O-XYZ A cartesian coordinate system fixed to the earth.

The X-axis is horizontal and the Y-axis is initially parallel to the launcher rail

making an angle y with the horizontal.

Rotating Coordinates 0-a 1 n A cartesian coordinate system fixed in the launcher,

and initially coincident with the O-XYZ coordinate system. The components of the

inertia tensor of the launcher in the 0- 1 t coordinate system are denoted by

JIV J 12' etc. The launcher is symmetric about the 1 t -plane, and therefore

J12 = J13 - O.

Translating Coordinates o-X' Y' Z' A cartesian coordinate system fixed to the

missile at point o , which is always parallel to the O-X Y Z coordinate system.

The Y'-axis is initially coincident with the longitudinal axis of the missile.

Translating and Rotating Coordinates o-a' 1' ' A cartesian coordinate system

which is fixed in the missile and is initially coincident with the o-X' Y' Z'

coordinate system. The components of the inertia tensor of the missile in the
0-a' n' C' coordinate system are denoted by K K etc. The ', il' and

1' ~~~~' K~1 1 1 12' .Tha'1'nd'

axes are principle axes of the missile, and ther=eforeKl2 K 13 K23 =0.

4. Generalized Coordinates

Before tipoff the system has four degrees of freedom; therefore four

generalized coordinates are required to completely describe the motion of the

system. The angles 4b, 4, and e determine the angular orientation of the launcher,

and the distance r determines the location of the missile on the rail.
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After tipoff the system has six degrees of freedom, and therefore two

additional generalized coordinates are required to completely describe the motion

of the system. These are the angles Om and *m which determine the angular

orientation of the missile.

The distance 7 is indicated in Fig. 1. The angles * p and 0, taken in

that order, are the rotations 6f the launcher indicated in Fig. 2. The angles m

Smm

Fig. 3. From the constraining conditions on the missile it follows that

e = e +k( 1 1 -; ) (1)
m . +

0

Figure 2
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II. ANALYSIS OF THE PROBLEM

In this report the angles *, p, 0, *m' and om and their time derivatives

are treated as small numbers, and therefore products of two or more of these

variables are neglected.

1. Before Tipoff: L - c 71

The equation which describes the motion of the missile along the rail is:

ZF M a

or

F(t)-W(sin -y+ ,b cos ) - Ff= Mmi1 -m N (2)

For the system as a whole,

G=H = Hb + hm + a- (r x Mm r) (3)

where the vectors are defined as follows:

= The sum of the moments of the external forces about point 0.

H = The angular momentum of the system about point 0.

Hb The angular momentum of the launcher about point 0.

h = The angular momentum of the missile: about point o.m '

r = The vector from 0 to o.

From Fig. 2

" t (4)

and therefore

el
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HbX H , 0 J 11

HbYHb -J 2 2 8 -J 2 3 4, (5)

HbZ- Hb 323 J3 3

Before tipoff 0 m = 4, and 0 m = 4 Therefore, from Fig. 3

to, es - 4sinO

m m

$ cose + sine

m m

and

hmX-h ,cos 0 + h , sin0 K

hmy hm', = K22(6 +k) (7)

h = -h sinE)+ h cos em =K
mZ m ' m mt' 33

From Figs. 1 and 2

r =tj e-1x m rx =m

r - ry - (8)
y m

rz tgm + 71  
z : $+ l

Also, recalling that the system is initially in equilibrium and that the static

equilibrium pitch deflection is small, we have
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Gx=-tm F(t) W m (I- i o ) cosy+B 1 0

G F (t) 4 +(WbCOSy)( 8 b-

(9)
+ (Wm cos-y)(E tm -O + B2 0

Gz=mF(t)O +(Wbsinv)( - be +"b 4 )

+(Wm siny ) (-t +4))+B 3

Combining Eqs. (3), (5), (7), (8), and (9), we obtain the following three equations

of motion:

2 2[Jli+Kll+( 2+2Mm] )M 2nAMm -BIm -B. M

tm -mF (t) Wm (1 - ) Cos 'Y (10)

2
J22 22 +  m m - [J23 + M m tm] 2Mm m 4

+ [-Mmm + mF(t) +(7bWb+'IWm ) cos] (1)

[B2 +(Wb b+Wm m) cosv] e=-K 2 2 k "

[3 3+1 2 Mm] [J2 3 +Mm Tm]e0+2 ?1Mm

71 Mm m - mF(t)+(Wb +b +Wm tm ) ' s in y 0(12
~ e (12)

-[B 3 ±(Wb '1b±Wm r)sn]~=

It is usually more convenient to have the second derivative of only one of

the angles in each equation. For this reason we take linear combinations of

Eqs. (11) and (12), and replace them with the following two equations:



10.(I2 'n t .] 2 )
(33 + 11 'm]j 2 2 +K 2 2 + M Mm] - J23 + M m

+ [J3 3 K 3 3 +. q Mm] [82 (Wb tb+Wmm) cosl

[J+M2 3 tm[Mmm -mF(+(Wbtb+Wmm) siny3)

J33+ 3] --2 M t 2 j TIM m

33  
K 3 M +2J 2 3  m (13)

+(J 3 3 +K 33 + 2Mm]-Mmi + mF(t) +(lb Wb+ lWm)'COS

+ J 2 3 
+ Mm m 3 - (Wbb +W )sin *

2
K - K2 k. (j 3 3 + K3 3 + M )

+ Mm 33 1+2 M m  23+  ~
22 22 + tm- m •J23 +M 1m

+ (2J 2 3 M t + [J22+K22 ]2iii Mm)

J23 + Mm m "M m m F(t)+(b Wb+ TIWm)Cos

+ [J 2 2 +K 2 2
+  Mm ][-B 3 -(Wb nb+Wm1 )sinv]) 0 (14)

+ (J23 +Mm tm '1][-B 2 - (Wb b +Wm M

+ [J 2 2+K 2 2 +t2Mm1[Mmtm -mF(t)+(Wb)b+Wm sm)Sin1) 0

-K 2 2 k (J 2 3 +M M I) 1

The front and rear shoes of the missile are located in the o- 6'

coordinate system by the distances c and a and the angles a' and a shown in

Figs. 4 and 5. The angles p' and p , where



/3'= a'+e+k(1-1 )
0

(15)
f3 =a-Ie+k(1-T1 o )

then locate these shoes in the O-XYZ and the o-X'Y'Z' coordinate systems.

The coordinates of o and 0' in the 0-XYZ coordinate system are:

o :(tO1 Q, 0 -m , tm + 71 )

(16)

O': (tb -011 b  n b - tb 0 b, b+ b b)

The coordinates of the shoes and points A and B in the o-X'Y'Z'

coordinate system are:

S1 :(Rcos +an, - a, -Rsin/ -a4)

S2 :(-Rsin+an, - a, -Rcos/l- a)

S 3 :(-Rcos +an, -a, Rsinp- a,)

S4 :(Rsin3+a ,-a, Rcosa3-a4)

S (Rcosc3'-cn, c, -Rsinp'+ c4)) (17)

S 6 :(-R sin ' - c , c, -Rcos '+ c4)

S 7 :(-Rcosp' - c , c, Rsin P'+ c4)

S (R sin '-c*, c, Rcosp' +c4)

A :(a ,-a, -a)

B (-c , c, co)



12.

a - -C

A _ _ _ _ _ B

Rear Shoes Front Shoes
S1 , S2  S S,5) S yS 7)S84) 3 

74

Figure 4

S 
8

S 6 S

SS

S a
25

Figure 5
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The reaction at each shoe on the missile consists of a normal force which

is perpendicular to the i'-axis and a friction force which is parallel to the i'-axis.

In addition a driving force acts perpendicular to the normal and friction forces at

shoe S, , causing the missile to rotate relative to the rail. The shoes are presumed

to be spring loaded so that

N +N cN +N c
1  3 = 2 4 2

(18)

N N c3  N +N c
5  7  3  6 8 4

Note that this involves a contradiction since the missile axis is supposed to

remain parallel to the launcher during the pre-tipoff motion. If however the spring

constants are large so that the motion of the missile axis relative to the launcher

is small compared to the motion of the launcher itself, no great error is introduced,

and this does remove the problem of indeterminacy in a four rail system without

introducing the added complexity of relative transverse motion between missile

and launcher.

The friction forces are related to the normal forces by the coefficient

of friction L , so that:

0

F1 = ± N1, F2 = ). N2, etc. (19)

The components in the O-XYZ coordinate system of all the forces acting

on the rocket are:
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N 2 - N: (N 3 - N1] cos , P-[3  Nj N sin3)

N-N 4 : ([N 2 -N 4 sin3 , [ N 2 -N 4 ]cos P

N- N5: ( [N 7 - N 5 ]Cos13P, 0, - [N 7 - N 5 ]sin P')

N 6 - N8 : ( [N6 - N,] sin P', a, [N6 - N 8 ]cos 0') (20)

D (-D 1 singl, 0, -D1 cos13)

T: (F(t) F F(t), F (t) €

W m : (0, -W sin y, -W Cosy)

F 1 : (Ff4' -F 1 , -F 1  )

F8 : (F 8 * , -F8 , F 8  )

For forces acting on launcher replace F 1 , .. F 8 by (0, *Ff, 0).

The equations of motion of the missile are:

M a

m 0
G • (21)

G h
om

Using Eqs. (15), (16), (17), (19), and (20), Eqs. (21) can be rewritten

in matrix form:

A'A=A (22)
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where
N3 N1 Mm Q 6' - 41'0- 2 Tl - )+ (F (t) - Ff)O
N3 - 1  Mm ~m

N 2- N4  Mm (  + 2 +,9 )+W m c o s y - ( R t) - F f)

L\ N7 -N5  A-

N6 -N 8  K2 2 (d+ kj)

D1  K33

cosp sinf3 cosl' sinf3' -sinp

-sing cos j - sing' cos fl' -cosf

(a + u R) sinP -(a + u R) cos -(c - uR) sin' (c - uR) cos3' a cosp

(a+uR)(4'sinfl (a+uR)(4cosp -(c-uR)( sinfp' -(c-uR)(4'cosp3' R+a4'cos P

- cos P) - 0 sinfP) - 0 cosfl') - sing') +a 0sin/3

(a +uR) cos P (a+uR) sing -(c - uP)cosfp' -(c-uR) sin/3 -a sin/3

The shoe reactions can be found by solving the above set of linear equations

and using Eqs. (18) and (19).

The components in the O-XYZ coordinate system of the reaction at 0 and

the weight of the launcher are:

R :(Rx, Ry, Rz)
(23)

Wb: (0, -Wb siny, -Wbcosy)
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Therefore, from the remaining equation of motion of the launcher (-F Mb a(,),

we obtain the following equations for the reaction at 0:

R x = (T - Ff) + M m (a b  2-  $ )+M b ( t b e-lb

Ry =W b s in y F f- M b b  (24)

= -(TFf) +Wm cos

2. AfterTipoff: L- c 9 _L+a

0

The coordinates in the O-XYZ coordinate system of shoe S and points

A, 0' and o are

S (m - (-q-a) +R cos ,r - a- + ( i -a) €-Rsinp)

m m mA : Qm 0 - (i-a) 0,-T - a - m , tm +(ija) a

O' (tbE- 1b ' b -b 0' tb + b)) (25)

o Q( E)0-( -1 a) a Om, il + ¢ m (tja) + a m
mm m m M

The coordinates in the o-X' Y'Z'coordinate system of shoes S1 , ' S2 ,  S4,

and point A are:

SI : (Rcos + a m, -a, -Rsin -am)

S2 (-Rsin + a m, - a, -Rcosp- a~m

2 m

(26)S3: (-R cos f + a m -a, R sin -a O)

54: (Rsinp +am, -a, Rcosf- am)

A : (a 0r, -a, -a
m
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The components in the O-XYZ coordinate system of the forces acting

on the missile are:

N 3 -N 1 :( [N3 -N 1 ]cosP , 0 -N 3 -N 1 ] sinp)

N 2 - N4 :( [N 2 - N4 ]sin 0, [N 2 - N4 ] cosp)

D 1 :(-D1 sinp, 0, -D 1 cos )

T :(-Tm , T, T m (27)

W :(0, -W siny, -W cos -)
m m m

F1:(Fl h-F1,-F Om )

F4 : (FI m,-FI,-F 4-m)

For forces acting on launcher replace F1, ... F 4 by (0, F'f, 0)

The equations of motion for the launcher and the missile are:

= Mm 0 ob b0

(28)
G=h G =h

Using Eqs. (19), (23), (25), (26) and (27), Eq. (28) can be rewritten in

the following form:
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-[m+ (T-a) ¢ F'f +(a -a- tm ) sin (N3 N1 )
-(1 - a - m ip) cos I(N 2 - N4 )+ (11- a- m ) cos lD + B1

J2 = -2 [tm 0 - (-a) sin (N 3 -N 1  Etm 0 - (n- a)o cosp(N 2 -N 4

2 3[Nm( +-a) csn- (N 3 -N) [m-(-a) sin co(N2 -N4 )

- [m - ~1a)J cos PD 1 + ftm±(i a) ~Jsin 9 D,

+( b-' 1b ct)Wbcosy+ B2 8

= [tm-(-a) 0) F'f+(1-a -m )cos 9(N 3 -N 1 )

+- (TI - a - t m g' sing (N 2 - N 4 ) -( - - In €  sinP D 1

-(bO-ibo)Wbsiny +B 3 0 (29)

Mm( - m F' = (t) - F'f - Wm s in y

K1  (am +uR)[sinP(N 3 - N) -cos (N2 -N 4 ) + aD cos#3 1 4
K3 3 m O=(a+uR) cos P(N3N )+sin P(N2-N aDsin#

(N 3 - N1) = -F'f(m sinpg+ m cos ) + F (t)( t cos /3 - m sinp)

Wm sing cosy + M cos p - - 2 4-(1 -a)4- a

-M sing '+ 2T +(7 -a) '+ a m]
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DKy G+kr ) -(a+uR)t(m sin 8 - m cos )(N 3 -N 1 )

- sin p+ * cos (N
in in2

(N N D + F Cos sin +F(t)( m sinI-m cos )+W m cos (cosy

sin (in -in

+ cOS [i' +2 2 4 +(r - a) '+ aim]

Rx -M, m Em - tj0 - 2 71 0-(i - a)O-aOm) +(F(0 - FfI) m +MNb (tb0"rb )

R -F'f +Wb sin - Mb b '

R =W cosy +Wb cosy -(F(t) F'f)om +Mm (** 4 + 2i +(? -a)b + a 'm)

+ Mbrib P

The first nine of Eq. (29) may be solved independently of the last three

which are used only to determine the reactions on the launcher at 0.
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